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We characterize the extreme points of the polytope of symmetric doubly 
stochastic matrices of a given arbitrary order. 
1, INTRODUCTION 
For a given cardinality p, let ED denote the set of symmetric doubly 
stochastic (s.d.s.) matrices of order p xp. In the case that p is finite, the ex- 
treme points of EP have been studied by several authors (see, e.g., [I-31). In 
this notelwe characterize the extreme points of SP for general p. We show 
that an extreme matrix of BP is the direct sum of finite matrices. 
There is a natural correspondence between an s.d.s. matrix A = (“ii)i,je~ 
and a weighted graph G(A). The vertices of G(A) are the elements of I, and 
the weight w  on its edges is defined by w((i, j)) = aii, where (i, j) is the edge 
whose endpoints are i and j. Here we agree that if w((i, j)) = 0, then the edge 
(i, j) is nonexistent. For i & I we denote by DA(i) the set of vertices adjacent 
to i in G(A). 
2. EXTREME POINTS OF ZZp 
For the proof of the main result, the following simple lemma is needed. 
LEMMA. Let J be an arbitrary given set, and let a, E, and (bj)j., be non- 
negative real numbers, such that 0 < a < 1, 0 < E 4 min(a, 1 - a), and 
seJ bj = 1 - a. Then there exist nonnegative real numbers (Sj)je,, satch 
that: Sj < min(bj, 1 - bj) for every j E J, and CjcJ Sj = E. 
Proof. If for every j E J bj G-k, then the only demand on dj is that 
Sj < bj, and then the claim in the lemma is obvious, since E < cjeJ 2~~. If 
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there exists a j,, such that bj, > -$, then E < a = 1 - zEJ bj < 1 - bj,, and 
hence we may choose SjO = E, Sj = 0, for any other j E J. 
THEOREM. Let A EE*. Then A is an extreme point of SD fund onb if 
there exists a permutation matrix P of order p x p such that PAPT = OAk, 
each A, being of finite order nk, and an extreme point of E,,. 
ProoJ: One direction of the theorem is obvious, since a direct sum of ex- 
treme matrices is extreme. 
Suppose A = (a,)ider is an extreme point of Z,,. In order to prove the 
reverse implication in the theorem, it clearly suffkes to prove that, after 
some permutation is applied simultaneously to its rows and columns, A is 
the direct sum of finite matrices. This is true if and only if every connected 
component of G(A) is finite. Assume there exists an infinite connected com- 
ponent K of G(A). Since A is extreme, it follows from [2, Theorem 21 that K 
is either a tree, or it contains exactly one cycle, in which case this cycle is 
odd. In both cases we construct a certain real function y on the edges of 
G(A). 
Case 1. K is a tree. Choose any edge (q, r) of K, and label it 0. Choose 
then a real number 0 < 6 = 6(q, r) < min(a,,, 1 - aqr). This is the zeroth step 
in an inductive process. For any natural number k, the (k + 1)th step of this 
process is defined as follows. Consider all edges (u, u) labelled by k. Suppose 
zi is not adjacent to an edge labelled by k - 1 (if k > 0 then just one of the 
endpoints has this property; for k = 0 we choose both q and r for U’S role). 
Let J= DA(u)\{u}. Then seJaUj = 1 - auv. Therefore, by the lemma, there 
exist nonnegative numbers 6(q,j), such that S(q, j) < min(aUj, 1 - auj) for 
every j E J, and zEJ 6(v, j) = 6(u, v). Now label each edge (v, j), j E J, for 
which 6(v,j) > 0 by k+ 1. 
Case 2. K contains an odd cycle, 0. Then 0 = (i,, iI,..., i,,) for some 
natural k. Since K is infinite, it contains an edge outside 0, which is adjacent 
to one of the vertices of 0. Suppose (i,, j) is such an edge. Choose an q > 0 
such that r < min(aiti, 1 - aid), and q ,< min(ai,,!,+, , 1 - ai,,i,+r) for every 
0 < I < 2k. (The edges of 0 are enumerated cyclmally.) Define: y(i,, i,, ,) = 
(-1)“’ q/2 for every 0 < I < 2k. Define 6(i,, j) = q, and label (i,, j) by 0. 
Now perform the same process described in Case 1, with the difference that 
the first step is started only at the vertex j of the edge (i,, j). 
In both cases, for every edge (i, j) which has been labelled in the process 
by some k, define y(i, j) = (-l)k S(i, j). For all edges (i, j) for which y(i, j) 
has not been defined by the above procedure (including those not belonging 
to K), define y(i, j) = 0. Then y is a nonzero function on the edges of G(A), 
satisfying: y(i, j) Q min(ajj, 1 - a,) for every i, j E I, and SE1 y(i, j) = 0 for 
every i E I. 
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Define the two matrices B = (bij)i,j,l and C= (c~,J~,,~~~ by: bij= 
a, + y(i, j), qj = aii - y(i, j). Then, by the properties of y, B and C belong to 
SP, B f C, and A =f (B + C). This contradicts the extremality of A. 
QED. 
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